INTRODUCTION
Three-dimensional (3D) separated flow represents a domain of fluid mechanics of great practical interest that is, as yet, beyond the reach of definitive theoretical analysis or numerical computation. At present, our understanding of 3D flow separation rests principally on observations drawn from experimental studies utilizing flow visualization techniques.
Particularly useful in this regard has been the oil-streak technique for making visible the patterns of skin-friction lines on the surfaces of wind-tunnel models (Naltby 1962). It is a common observation among students of these patterns that a necessary condition for the occurrence of flow separaticn is the convergence of oil-streak lines onto a particular line. Whether this is also a sufficient condition is a matter of current debate. The requirement to make sense of these patterns within a governing hypothesis of sufficient precision to yield a convincing description of 3D flow separation has inspired the efforts of a number of Investigators. Of the numerous attempts, however, few of the contending arguments lend themselves to a precise mathematical fom~~lation. Here, we shall single out for special attention the hypothesis proposed by Legendre (1956) as being one capable of providing a mathematical framework of considerable depth. Legendre (1956) ~roposed that a pattern of streamlines immediately adjacent to the surface (in his tersinology, "wall streamlines") be considered as trajectories having properties consistent with those of a continuous vector field, the principal one being that through any regular (nonsingular) point there must pass one and only one trajectory. On the basis of this postulate, it follows thai rne dlemcntary singular points of the field can be categorized mathematically. Thus, t h e types of s i n g u l a r p o i n t s , t h e i r numher, and t h e r u l e s governing t h e r e l a t i o n s between them can b e s a i d t o c h a r a c t e r i z e t h e p a t t e r n . Flow s e p a r a t i o n i n t h i s view has been defined by t h e convergence of w a l l s t r e a m l i n e s onto a p a r t i c u l a r wall s t r e a m l i n e t h a t o r i g i n a t e s from a s i n g u l~r p o i n t of p a r t i c u l a r type, t h e s a d d l e p o i n t . W e should note, however, t h a t t h i s view of flow s e p a r a t i o n is n o t l i n i v e r s a l l y accepted, and, indeed, s i t u a t i o n s e x i s t where i t appears t h a t a more nuanced d e s c r i p t i o n of flow s e p a r a t i o n may be required. L i g h t h i l l (1963), a d d r e s s i n g himself s p e c i f i c a l l y t o viscous flows, c l a r i f i e d a n,,.sber of important i s s u e s by t y i n g t h e p o s t u l a t e of a continuous v e c t o r f i e l d t o t h e p a t t e r n of s k i n -f r i c t i o n l i n e s r a t h e r than t o s t r e a m l i n e s l y i n g j u s t above t h e s u r f a c e , * P a r a l l e l t o Legendre's d e f i n i t i o n , convergence of s k i n -f r i c t i o n l i n e s onto a p a r t i c u l a r skinf r i c t i o n l i n e o r i g i n a t i n g from a s a d d l e p o i n t was defined here as t h e necessary condition f o r flow s e p a r a t i o n . More r e c e n t l y , Hunt e t a1 (1978) have shown t h a t t h e n o t i o n s of elementary s i n g u l a r p o i n t s and t h e rules t h a t they obey can be e a s i l y extended t o apply t o t h e flow above t h e s u r f a c e on planes of symmetry, on p r o j e c t i o n s of c o n i c a l flows (Smith 1969 ), on crossf low planes, e t c ( s e e a l s o Perry & F a i r l i e 1974). Further a p p l i c a t i o n s and extensions can be found i n t h e various c o n t r i b u t i o n s of Lcgendre (1965, 1972, 1977) and i n t h e review a r t i c l e s by Tobak & Peake (1979) and Peake C Tobak (1980) . A s Legendre (1977) himself has noted, h i s hypothesis was but a reinvention w i t h i n a narrower framework of t h e e x t r a o r d i n a r i l y f r u i t f u l l i n e of research i n i t i a t e d by Poincart! (1928) under t h e t i t l e , "On t h e which the useful notions of "t0p0108i~al structure" and "structural stability1' were introduced. Finally, from the same line stems the rapidly expanding field known as "bifurcation theory" (cf . the comprehensive review of Sattinger 1980). Applications to hydrodynamics are exemplified by the works of Joseph (1976) and Benjamin (1978) . It has become clear that our understanding of 3D separated f l w may be deepened by placing Legendre's hypothesis within a framework broad enough to include the notions of topological structure, structural stability, and bifurcation. Bearing in mind that we still await a convincing description of 3D flow separation, we may ask whether the broader framework will facilitate the emergence of such a description. In the following, we shall try to answer this question, limiting our attention to 3D viscous flows that are steady in the mean.
THEORY
We consider steady viscous flow over a smooth three-dimensional body.
The postulate that the skin-friction lines on the surface of the body form a continuous vector field is translated mathematically as follows:
Let ([,n,c) be general curvilinear coordinates with (C,n) being orthogonal axes in the surface and directed out of the surface n o m l to ( Let the length parameters be h ( ) , h ) . Except at singul-ir points, it follows from the adherence condition that, very close to the surface, the components of the velocity vector parallel to the surface (ul ,ui) must grow from zero linearly with c. Hence, a particle on a streamline ncor the surface will have velocity components of the form where (wl,w2) are the components of the surface vorticity vector. The specification of a steady flow is reflected by (ul,uZ) For each of :he patterns in Figures la to lc, the surface vortex lines form a system of lines orthogonal at every point to the system of skin-friction lines. Thus, it is always possible in principle to describe the flow in the vicinity of a singular point altcrnatively in terms of a pattern of skin-friction lines or a pattern of surface vortex lines. Davey (1961) and Lighthill (1963) have both noted that of all the possible patterns of skin-friction lines on the surface of a body, only those are admissible whose singular points obey a topological rule: the number of nodes (nodal points or foci or both) must exceed the number of saddle points by two. We shall demonstrate this rule and its recent extensions to the external flow field in a number of examples.
Topogriiphy of Skin-Friction Lines -
The singular points, acting either in isolation or in combination, fulfill certain characteristic functions that largely determine the distribution oi skin-friction lines on the surface. The nods1 point of attachment is typically a stagnation point on a forward-facing surface, such as the nose of a body, where the external flow from far upstrc.12 attaches itself to the surface. The nodal point of attachment thereby acts as a source of skin-friction lines that emerge from the point and spread out over the surface. Conversely, the nodal point of separation is typically a point on a rearward-facing surface, and acts as a sink where the skinfriction lines that have circumscribed the body surface may vanish.
The saddle point acts typically to separate the skin-friction lines issuing from adjacent nodes; for example, adjacent nodal points of attachment. An example of this function is illustrated in Figure 2 it docs (see also Wang 1974 , Han 6 Pare1 1979 . In what follows, we shnll address the question of an appropriate description of flow separation by an appeal to the theory of structural stability and bifurcation. Like Wang, we shall find it necessary to distinguish between types of separation, but we shall adopt a terminology that is suggested by the theoretical framework. We shall say that a skin-friction line emerging from a On its passage downstream, the dividing surface rolls up to form the familiar coiled sheet around a central vortical core. Because it has a well-defined core, we shall invoke the popular tednclogy and call the flcw in the vicinity of the coiled-up dividing surface a vortex. Now we consider the origin of the stream-surface characteristic of local flow separation. We note that if a skin-friction line emanatirg from a nodal p o i n t of attachment u l t i m a t e l y becomes a l o c a l l i n e of s e p a r a t i o n , then t h e r e w i l l be a point on t h e l i n e beyond which each of t h e orthogonal s u r f a c e vortex l i n e s c r o s s i n g the l i n e forms a n upstreampointing loop, s i g n i f y i n g t h a t t h e s k i n f r i c t i o n along t h e l i n e has become l o c a l l y minimum. A s u r f a c e s t a r t i n g a t t h i s point and stemming from t h e s k i n -f r i c t i o n l i n e downstream of t h e point can b e constructed t h a t w i l l be t h e locus of a s e t of l i m i t i n g s t r e a m l i n e s o r i g i n a t i n g After an unaccountably long l a p s e of time, i t has only r e c e n t l y become c l e a r t h a t t h e mathematical b a s i s f o r t h e behaviar of elementary s i n g u l a r p o i n t s and the topological r u l e s t h a t they obey is general enough t o support a much wider regime of a p p l i c a t i o n than had o r i g i n a l l y been r e a l i z e d . The r e s u l t s reported by Smith (1969 Smith ( , 1975 is t h e mean v e l o c i t y whose u , v components a r e measured i n a p l a n e z = z o = t h e n t h e c o n s t a n t , above a s u r f a c e s i t u a t e d a t y = Y (x;zo) (see F i g u r e 61, A satisfactory answer tc the questim say emerge out of the framework that we s h a l l try to create in this section. W c shall cast our formulation in physical terns ~lthough our definitions ought to be compatible with a more purely mathematical trcb,itment based, for example, on whatev~sr system of partial differential equ3tions is judged to govern the fluid motion. In particular, we shall hinge our deiinitions of topological structure and structural stability dirpctly to the properties of pattcrns of skin-friction lines, since this will enable us to make masinurn usc of Only wllcn 4 is decreased far enough below X c to pass X o (Figure 7b) is the stable known flow recovered. Thus, subcritical bifurcation alwnvs implies that t h e bifurcation flows will. exhibit hysteresis effects.
This complttcs a framework of terns and notions that should suffice to describe haw the structr;r,ll forms of 3D separated flovs originate and succeed each other. The following section will be devoted to illustrations of the use of this fraaework in two examples involving supcrcritic.11 and subcritical bifurcations. (c) extension of focus, Legendre (1965) . 
